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Abstract. Scaling equations for the Kondo lattice in the paramagnetic and magnetically ordered phases are
derived to next-leading order with account of spin dynamics. The results are applied to describe various
mechanisms of the non-Fermi-liquid (NFL) behavior in the multichannel Kondo-lattice model where a
fixed point occurs in the weak-coupling region. The corresponding temperature dependences of electronic
and magnetic properties are discussed. The model describes naturally formation of a magnetic state with
soft boson mode and small moment value. An important role of Van Hove singularities in the magnon
spectral function is demonstrated. The results are rather sensitive to the type of magnetic ordering and
space dimensionality, the conditions for NFL behavior being more favorable in the antiferromagnetic and
2D cases.
PACS. 75.30.Mb Valence fluctuation, Kondo lattice, and heavy-fermion phenomena – 71.28.+d Narrow-
band systems; intermediate-valence solids
1 Introduction
A number of 4f - and 5f -compounds, including so-called
Kondo lattices and heavy-fermion systems, possess anoma-
lois electronic properties, e.g., giant value of T -linear elec-
tronic specific heat C(T ) and magnetic susceptibility χm(T )
[1]. Magnetism of such systems demonstrates also unusual
features, including formation of an antiferro- or ferromag-
netic state with small ordered moment value.
A common explanation of the heavy-fermion behavior
is based on the Komdo effect. Unlike the one-impurity sit-
uation, the competition between the Kondo screening of
regularly arranged magnetic moments and intersite mag-
netic interactions has a great importance in the lattice
case. As a result, smearing of Kondo singularities occurs
on the scale of the characteristic spin-dynamics frequency
ω. At the same time, ω itself acquires renormalizations
due to the Kondo screening. A scaling consideration of
this renormalization process in the s− f exchange model
[2] yields, depending on the values of bare parameters,
both the “usual” states (a non-magnetic Kondo lattice or
a magnet with weak Kondo contributions) and the pecu-
liar magnetic Kondo-lattice state.
A great experimental material has been obtained for f -
systems demonstrating so-called non-Fermi-liquid (NFL)
behavior [3], which have unusual logarithmic or power-
law temperature dependences of electron and magnetic
properties,.e.g.., χm(T ) ∼ T−ζ (ζ < 1), C(T )/T is pro-
portional to T−ζ or − lnT , for the resistivity R(T ) ∼ T µ
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(µ < 2), etc. The NFL behavior is observed in a num-
ber of rare-earth and actinide systems: not only in alloys
like UxY1−xPd3, UPt3−xPdx, UCu5−xPdx, CeCu6−xAux,
UxTh1−xBe13, but also in some stoichiometric compounds,
e.g., Ce7Ni3, CeCu2Si2,CeNi2Ge2 [4]. It can coexist with
magnetic ordering and occur even in ferromagnets [5].
There are a number of theoretical mechanisms pro-
posed to describe the NFL state, both single-site and in-
tersite effects being discussed. In particular, proximity to
magnetic quantum phase transitions [6] should be men-
tioned.
The NFL behavior in theM -channel Kondo model (es-
pecially in the large-M limit) was extensively investigated
in the one-impurity case [7,8,9,10,11]. Physically, this be-
havior is connected with overscreening of impurity spin
by conduction electrons. The model permits a consistent
scaling investigation since the fixed point is within the
weak-coupling region (however, the marginal case M = 2
has some peculiarities). On the other hand, the lattice case
is more difficult and only special approaches, in particular
for one-dimensional models [8,12] and infinite space di-
mension [13] were used. In the present paper we start from
the standard microscopic model of a periodical Kondo lat-
tice and treat the interplay of the on-site Kondo screening
and intersite exchange interactions within a scaling ap-
proach. We will demonstrate that, besides the standard
one-impurity NFL mechanism,“soft” boson branches can
be formed during the renormalization process, the role of
singularities in spin spectral function being important for
the NFL behavior.
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Earlier a similar consideration was performed in Refs.[2,
14] where the NFL behavior inM = 1 and large-M Kondo
lattices was treated within a simple approximation corre-
sponding to one-loop scaling (in the pseudofermion rep-
resentation). This approach yields NFL behavior in the
formal limit M → ∞ (where the coupling constant is
unrenormalized, which is similar to occurrence of a fixed
point), but for any realisticM the NFL regime is achieved
only in a very narrow interval of bare coupling constant
(near the critical value for magnetic quantum phase tran-
sition). Thus this approximation is insufficient to describe
consistently the NFL state. In the present work we per-
form the next-leading scaling analysis which changes rad-
ically the situation.
In Sect.2 we write down the scaling equations in the
one-impurity case and in the lattice situation (i.e. with
account of spin dynamics). In Sect.3, results of numer-
ical calculations are presented. In Sect.4 we discuss the
physical consequences. Details of derivation of the scaling
equations are presented in Appendices.
2 Scaling equations
To describe a Kondo lattice, we use the degenerate-band
(multichannel) periodical s− f exchange model
H =
∑
kmσ
tkc
†
kmσckmσ−I
∑
imσσ′
Siσσσ′c
†
imσcimσ′+Hf (1)
where tk is the band energy, Si are spin-1/2 operators,
I is the s − f exchange parameter, σ are the Pauli ma-
trices, m = 1...M is the channel index. For the sake of
convenient constructing perturbation theory, we explicitly
include the Heisenberg f − f exchange interaction Hf in
the Hamiltonian, although in fact this interaction is usu-
ally the indirect RKKY coupling.
In the more general SU(N)⊗ SU(M) model we have
σ = 1...N and the Hamiltonian can be written as [10]
H =
∑
kmσ
tkc
†
kmσckmσ − I
∑
imσσ′
|iσ′〉〈iσ|c†imσcimσ′ +Hf
(2)
A somewhat more realistic model including angular mo-
menta is discussed in Ref.[2]; generalization to arbitrary
spin is also possible (see, e.g.,. Ref.[15])
Similar to Ref.[2] we use the “poor man scaling” ap-
proach [16]. In this method one considers the dependence
of effective (renormalized) model parameters on the cutoff
parameter C < 0 which occurs at picking out the Kondo
singular terms and approaching the Fermi level.
To describe the renormalization process we introduce
the dimensionless coupling constants
gef (C) = −NρIef (C), g = −NρI (3)
where ρ is the bare electron density of states per channel
at the Fermi level. In the one-impurity case the scaling
behaviour is governed by the beta function
β(g) = −g2 + (M/N)g3 + ... (4)
At M > N the fixed point g∗ = N/M (zero of β(g)) lies
in a weak coupling region which makes possible success-
ful application of perturbation and renormalization group
approaches.
The scaling equation reads∫ gef (C)
g
dg
β(g)
=
∫ C
D
dC
C
= ln
∣∣∣∣CD
∣∣∣∣ (5)
where the cutoff energy D is defined by gef (−D) = g.
Solving this equation yields
g∗ − gef (C)
g∗ − g = g
∗
∣∣∣∣ CTK
∣∣∣∣∆ exp(− g∗gef (C)
)
(6)
with ∆ = N/M and the Kondo temperature
TK = Dg
M/N exp(−1/g). (7)
It should be noted that we have no divergence of gef (ξ),
and the power-law critical behavior in (6) takes place in a
wide region, including |C| > TK [9].
Generally, the critical exponents are defined by the
slope ∆ = β′(g). Taking into account higher orders in
1/M one has
∆ =
N
M
(
1− N
M
)
≃ N
M +N
, (8)
the latter value being in agreement with the exact results
of Bethe ansatz and conformal field theory (see Ref. [10]).
The corresponding value of g∗ for N = 2 reads [9]
g∗ =
2
M
(
1− 2 ln 2
M
)
(9)
which differs weakly from ∆.
Using the results of Appendices A, B we can write
down the system of scaling equations for paramagnetic
(PM), ferromagnetic (FM) and antiferromagnetic (AFM)
phases in the lattice case. Similar to Ref.[2], but taking
into account next-leading contributions, we find the equa-
tion for Ief by picking up in the sums in the correspond-
ing self-energies the contribution of intermediate electron
states near the Fermi level with C < tk < C + δC. We
derive
δIef (C) = ρI
2N(1 +MρI)η(− ω
C
)δC/C (10)
where ω is a characteristic spin-fluctuation energy, η(x)
is the scaling function satisfying the condition η(0) = 1,
which guarantees the correct one-impurity limit, see Ap-
pendix C. The third-order term, proportional toM , comes
from corrections which contain summation over the orbital
index m (in the diagram approach, they correspond to di-
agrams containing a closed electron loop).
The leading renormalization of spin-fluctuation frequen-
cies is already of order of M :
δωef (C)/ω = aδSef (C)/S = aMNρ
2I2η(− ω
C
)δC/C
(11)
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where the parameters a for a concrete lattice and magnetic
structure are expressed in terms of averages over the Fermi
surface (see Refs.[2,14] and Appendices A, B). It turns
out that, owing to the structure of perturbation theory
for magnetic characteristics, the M2 corrections do not
occur in the third order in I, so that Eq.11 is sufficient.
Replacing in the right-hand parts of (10) and (11)
g → gef (C), ω → ωef (C) we obtain the system of scaling
equation
[1− γgef(C)]−1∂gef (C)/∂C = −Λ (12)
a∂ lnSef (C)/∂C = ∂ lnωef (C)/∂C = aγΛ (13)
with γ =M/N,
Λ = Λ(C, ωef (C)) = [g
2
ef (C)/C]η(−ωef (C)/C). (14)
Writing down the first integral of the system (12), (13)
yields
ln |1− γgef(C)| − (1/a) lnωef (C) = const
Sef (C)
S
=
(
ωef (C)
ω
)1/a
=
1− γgef(C)
1− γg =
g∗ − gef (C)
g∗ − g ,
(15)
(M/N)gef (C) = 1− [1− (M/N)g]
(
ωef (C)
ω
)1/a
(16)
Thus we have a soft-mode situation at approaching the
fixed point.
Provided that ωef (C) is weakly renormalized (e.g.,
a≪ 1 at smalll kF ) we obtain
g∗ − gef (C)
g∗ − g = g
∗ exp
(
− g
∗
gef (C)
) ∣∣∣∣D exp[G(C)]TK
∣∣∣∣∆ (17)
G(C) = −
∫ C
−D
dC′
C′
η
(
− ω
C′
)
, (18)
cf. the treatment of the large-N limit [2]. In particular, in
the paramagnetic state
GPM (C) =
1
2
ln((C2 + ω2)/D2) +
C
ω
arctan(
ω
C
)− 1
so that C →
√
C2 + ω2 in the Kondo divergences in com-
parison with (6), cf. discussion in Refs.[17,18].
However, in the general case the scaling behavior is
much more rich and interesting. Introducing the function
χ(ξ) = ln
ω
ωef (ξ)
= a ln
Sef (C)
S
(19)
the scaling equation takes the form
∂χ
∂ξ
=
a
γ
[1− (1− γg) exp(−χ/a)]2 Ψ(λ+ χ− ξ) (20)
where
Ψ(ξ) = η(e−ξ), ξ = ln |D/C|, λ = ln(D/ω)≫ 1
In Ref.[2], an approximation was proposed for magnet-
ically ordered cases, which takes into account not only the
magnon pole, but also incoherent contribution, namely
Λ = [g2ef (C)/C]
× [Zηcoh(−ωef (C)/C) + (1− Z)ηincoh(−ωef (C)/C)]
(21)
where ηcoh corresponds to the magnetic phase, and the
function ηincoh is unknown; for estimations we may put
ηincoh = η
PM . The quantity Z = Z(−ωef (C)/C) is the
residue at the magnon pole, which is given by
1
Z(ξ)
= 1 + ln
S
S(ξ)
(22)
Then we have instead of (20)
∂χ
∂ξ
=
a
γ
[1− (1− γg) exp(−χ/a)]2
× [ZΨcoh(λ + χ− ξ) + (1− Z)Ψincoh(λ+ χ− ξ)] (23)
with Z = 1/(1 + χ/a).
3 Scaling behavior
Our scaling equations are written in terms of γ rather than
M and N separately. Therefore, to establish properly the
correspondence with the one-impurity case (8), we may
put γ = M/N + 1 = 1/∆. This yields, at least for M >
2, correct critical exponents for magnetic susceptibility,
specific heat and resistivity.
The important case M = 2 is more difficult from the
theoretical point of view, see [10,8,11]. However, a fixed
point is still present for M = 2, the resistivity being sat-
isfactorily described by simple scaling approach [10].
In numerical calculations, we put M = 3, which may
be relevant for Ce3+ ion [10]. Then for M = 3, N = 2 we
have γ = 5/2.
Since Ψ(ξ > 1) ≃ 1, in the PM phase χ(ξ) increases
according to (6), (15). Provided that g is not too small, at
large ξ we can put for rough estimations gef (ξ) ≃ g∗ = 1/γ
to obtain
χ(ξ) ≃ aγg2ef (ξ)ξ − a/γg ≃ (a/γ)(ξ − 1/g). (24)
Thus a power-law behavior occurs
ωef (C) ≃ ω(|C|/TK)β , β = a/γ = a∆
Sef (C) ≃ (|C|/TK)∆, (25)
which corresponds to the standard one-impurity NFL be-
havior (see below the discussion of physical properties).
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Fig. 1. The scaling trajectories for a 3D paramagnet, gef (ξ)
(a) and χ(ξ) (b). The parameter values are λ = 7, a = 0.5,
g = 0.1, 0.15, 0.2, 0.25, 0.3 (for the curves from below to above)
Note that the scale of TK occurs here, unlike the lowest-
order scaling in the large-M limit [2]. The dependence (24)
takes place up to the point
ξ1 ≃ (λ − β/g)/(1− β). (26)
For ξ > ξ1, χ(ξ) ≃ χ(ξ1) ≃ λβ/(1 − β) is practically
constant since Ψ(λ + χ − ξ) becomes small, and gef (ξ)
increases slowly tending at ξ →∞ to an asymptotic value
which is, however, smaller than the one-impuirity g∗ since
χ(ξ) remains finite.
Note that lowest-order (one-loop) scaling for finite M
yields the NFL behavior in a very narrow interval of bare
coupling constant g only, since with increasing g we come
rapidly to strong-coupling regime where gef (ξ > λ)→∞.
Unlike the lowest-order scaling, such a critical g value does
not occur in the present calculation for the paramagnetic
case: gef (ξ) remains finite for any g.
The dependences gef (ξ) and χ(ξ) in the paramagnetic
phase are shown in Fig.1 for the 3D case (the results for
the 2D case differ here very weakly). The behavior gef (ξ)
between ξ1 and ξ2 may be described as nearly linear, but
is somewhat smeared since Ψ(ξ) differs considerably from
the asymptotic values 0 and 1 in a rather large interval of
ξ. Remember that Fig.1a demonstrates also the behavior
of magnetic moment according to Eq.(15).
In magnetically ordered phases, the behavior for for
ξ < ξ1 is similar, but the situation for ξ > ξ1 changes
since the Van Hove singularity of Ψcoh(ξ) at ξ = 0 plays
an important role. Instead of decreasing, Ψ(λ + χ − ξ)
starts to increase at approaching ξ1. At sufficiently large
g, provided that
aγg2ef (ξ ≃ ξ1)Ψmaxcoh ≃ aγg∗2Ψmaxcoh > 1, (27)
at ξ > ξ1 the argument of the function Ψcoh in (20) be-
comes almost constant (fixed), and we obtain
χ(ξ) ≃ ξ − λ, ωef (C) ≃ |C|. (28)
Thus, instead of divergence of χ(ξ) in the one-channel
model [2], we have a linear NFL behavior since gef (ξ)
remains finite. Such a behavior has a critical nature and
corresponds to g = gc in the one-channel Kondo model.
Unlike the PM case, a sharp crossover occurs here with
changing g since we do not reach the regime (28) at small
g < gc. The value of gc is determined by the value of
δ, i.e. the magnon damping, see (74). One can see that
the influence of the singularity is considerably stronger
and conditions of the NFL behavior are more favorable in
the 2D rather than 3D case, and in the AFM rather than
FM case. Above the critical value gc, the picture of scaling
trajectories (in particular, the size of NFL behavior region
) does not practically depend on g.
In the case of equation (20), the linear behavior takes
place up to ξ = ∞. On the other hand, when taking into
account the incoherent contribution the increase of χ stops
at aγg∗2Ψmaxcoh = 1/Z = 1 + χ/a, i.e., at
ξ2 = λ+ χmax = λ+ a(aγg
∗2Ψmaxcoh − 1). (29)
The dependences χ(ξ) for a 3D and 2D antiferromag-
net are shown in Figs.2-3. In the presence of the inco-
herent contribution, the region, where the linear depen-
dence (28) holds, is sensitive to the value of δ and is not
wide, especially in the 3D case; the width does not in-
crease with further increasing g. However, a more exact
consideration of spin dynamics may change considerably
the results. Probably, using the spin diffusion approxima-
tion underestimates the coherence and the picture should
be somewhat intermediate between solid and dashed lines.
4 The non-Fermi-liquid behavior in physical
properties
Now we discuss the NFL behavior of physical properties
for the most important case N = 2. The temperature
dependences of magnetic moment and magnetic suscepti-
bility In the PM case are obtained directly from the above
results by the replacement |C| → T ,
Sef (T ) ∝ (T/TK)
∆, χm ∝ S
2
ef (T )/T ∝ (T/TK)
2∆/T.
(30)
However, unlike the one-impurity case, such dependences
are somewhat smeared and take place only up to temper-
atures determined by (26). A similar dependence is ob-
tained for specific heat [9].
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Fig. 2. The scaling trajectories for a 3D antiferromagnet
gef (ξ) (a) and χ(ξ) (b). The solid lines correspond to the ap-
proximation (20), and the dashed lines to account of incoher-
ent contribution, Eq. (23). The parameter values are λ = 7,
δ = 2 10−4, a = 1, g = 0.1, 0.12, 0.14 (from below to above).
Note a shallow maximum of gef (ξ) for small g, which is due to
the sign change in η(x)
As discussed above, the logarithmic factor in χm for
M = 2 (∆ = 1/2) is not described by our approach; an ac-
curate treatment is obtained by more sophisticated meth-
ods, e.g., Bethe ansatz and conformal field theory.
In the spin-wave region for an AFM structure with
the wavevector Q we write down in terms of a retarded
Green’s function
χm = lim
q→0
〈〈Sxq |Sx−q〉〉ω=0 ∝ S/ω. (31)
On replacing ω → ω(C), S → Sef (C) with |C| ∼ T in
spirit of scaling arguments we obtain
χm(T ) ∝ T−ζ, ζ =
{
(a− 1)/a
∆(a− 1)/a (32)
for the regimes corresponding to (25) and (28), respec-
tively. Note that the spin-wave description of the electron-
magnon interaction can be adequate not only in the AFM
phase, but also for systems with a strong short-range mag-
netic order, including 2D and frustrated 3D systems at
finite temperatures.
According to (67), the non-universal exponent ζ is de-
termined by details of magnetic structure and can be both
positive and negative. For a qualitative discussion, we can
Fig. 3. The scaling trajectories for a 2D antiferromagnet
gef (ξ) (a) and χ(ξ) (b). The parameter values are λ = 7,
δ = 4 10−3, a = 1, g = 0.09, 0.11, 0.13 (from below to above).
The value g = 0.11 is intermediate: g > gc for the approxima-
tion (20) and g < gc for the approximation (23)
use Figs.2-3 and treat the difference a− 1 as a perturba-
tion.
Following to Ref. [14], the temperature dependence of
electronic specific heat in magnetic phases can be esti-
mated from the second-order perturbation theory,Cel(T )/T ∝
1/z(T ) where z(T ) is the residue of the electron Green’s
function at the distance T from the Fermi level (cf. Ref.[17]).
Then we have in the AFM case
Cel(T )/T ∝ g2ef (T )Sef (T )/ωef (T ) ∝ χm(T ). (33)
The dependence Cel(T )/T ∝ χm(T ) was obtained exper-
imentally for a number of NFL systems [7,10].
In the paramagnetic case the temperature correction
to magnetic resistivity can be calculated from (6) as [9]
δRm(T ) ∝ gef (T )− g∗ ∝ −(T/TK)∆. (34)
The T 1/2 dependence (which corresponds to M = 2) is
indeed observed in a number of f -systems [10].
In the regime (28), the contribution to resistivity owing
to scattering by spin fluctuations in AFM phase is given
by [14]
δR(T ) ∝ T 2g2ef (T )Sef (T )/ωef (T ) ∝ T 2Cel(T )/T ∝ T 2−ζ.
(35)
For electron-electron scattering one has another tempera-
ture dependence
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δR(T ) ∝ T 2 [Cel(T )/T ]2 ∝ T 2−2ζ. (36)
5 Conclusions
To conclude, we have treated various mechanisms of the
NFL behavior in the multichannel Kondo lattice. In com-
parison with one-impurity model, the lattice version pro-
vides a more rich picture. The NFL phenomenon seems to
have a complicated nature being influenced by both single-
site Kondo effect and spin dynamics. The corresponding
dependences of physical properties can be different in dif-
ferent temperature intervals. Moreover, various scattering
mechanisms can give different temperature dependences.
The most important result is occurence of an intermediate-
coupling fixed point, which means formation of reduced
magnetic moment or even its vanishing in the NFL regime,
the dependence on the bare coupling parameter being
weak. The details of scaling behavior are determined by
the magnetic structure (parameter a) and the scaling func-
tion η(x), its singularities being essential. Peculiarities of
electron and magnon spectrum can also play a role, similar
to consideration in Refs.[14,19].
An important problem is stability of the fixed point:
lifting of the degeneracy of electron subbands with differ-
ent m in the Hamiltonian (1) should result in a change of
scaling behavior, so that anomalous temperature depen-
dences may take place in a restricted region. Possible ap-
plications of two-channel model to rare-earth and actinide
systems, including corresponding difficulties of interpre-
tation, are discussed in Ref. [10]. For uranium systems,
realization of this model is possible due to time-reversal
symmetry of subbands.
The model used describes naturally formation of a
magnetic state with small moment value. Besides that,
our consideration provides an example of essential renor-
malization of the coupling constant according to (15). This
may be of interest for the general theory of metallic mag-
netism (in particular, for weak itinerant ferro- and anti-
ferromagnets): the magnetic state is determined by the
renormalization process rather than by bare Stoner-like
criterion (cf. discussion in Ref.[18]).
The author is grateful to Prof. M. I. Katsnelson for
useful discussions. This work was supported in part by the
Division of Physical Sciences and Ural Branch of Russian
Academy of Sciences (project no. 15-8-2-9).
Appendix A. Renormalization in the paramag-
netic phase
The Kondo-lattice problem in the paramagnetic state de-
scribes the process of screening of localized magnetic mo-
ments. The correction to the effective magnetic moment
is obtained from the static magnetic susceptibility [17,2]
χm = S
2
ef/3T, S
2
ef = S(S + 1)[1− L] (37)
L = 4MNI2
∫ ∞
−∞
dω
∑
kq
Jq(ω) nk(1− nk−q)
(tk − tk−q − ω)2
with Jq(ω) the spectral density of the spin Green’s func-
tion for the Hamiltonian Hf , which is normalized to unity.
We use the simple spin diffusion approximation
Jq(ω) = 1
pi
Dq2
ω2 + (Dq2)2 (38)
(D is the spin diffusion constant), which corresponds to
dissipative spin dynamics.
The spin-fluctuation frequency in the paramagnetic
phase is determined from the second moment of the spin
Green’s function with the result [17,2]
δω2q/ω
2
q = (1− αq)δS
2
ef/S
2
ef = −(1− αq)L (39)
where αq is expressed in terms of exchange integrals
αq =
∑
R
J2R
(
sin kFR
kFR
)2
[1− cosqR]/
∑
R
J2R[1− cosqR]
(40)
In the approximation of nearest neighbors at the distance
d,
αq = α = 〈eikR〉tk=EF =
(
sin kFd
kFd
)2
, (41)
so that we may use a single renormalization parameter.
It should be stressed that we do not need here to search
for higher order corrections to magnetic properties (lead-
ing corrections are already proportional to M).
To construct a self-consistent theory of Kondo lattices
we have to find the renormalization of the effective s− f
exchange parameter. To this end, we calculate the Kondo
correction to the electron self-energy with account of spin
dynamics. We use the method of irreducible Green’s func-
tions (see Ref.[20] and the review paper [21]) which en-
ables one to construct a consistent perturbation expansion
in a small parameter. We write down
Σk(E) = 〈〈[ckσ, Hint]|[Hint, c†kσ]〉〉irrE . (42)
where Hint is the s − f interaction term. In the second
order in I we have
Σ
(2)
k (E) = I
2PR(E), R(E) =
∑
q
1
E − tk−q . (43)
The next-order singular contributions read
Σ
(3)
k (E) = −I3PN
∫ ∞
−∞
dω
∑
q,p
Jq(ω) nk−q
E − tk−q − ω
×
(
1
E − tk−p −
1
tk−q − tk−p
)
(44)
Σ
(4)
k (E) = −I4PMN
∑
q,p
∫ ∞
−∞
dωdω′Jq(ω)Jq−p(ω′)
× 1
(E − tk−q − ω)2
nk′(1− nk′−p)
E − tk−q + tk′ − tk′−p − ω′ (45)
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where P = 1 − 1/N2, nk = n(tk) is the Fermi function.
When neglecting spin dynamics Eqs. (43)-(45) agree with
the one-impurity results [9]. The Kondo renormalization
of the s−f parameter I → Ief = I+δIef is determined by
“incorporating” ImΣ
(3)
k (E) into ImΣ
(2)
k (E). The imagi-
nary parts required are simplified:
− ImΣk(E) = piI2ρP
×
(
1− IN
∫ ∞
−∞
dω
∑
q,p
Jq(ω) nk−q
E − tk−q − ω
−MNI2
∫ ∞
−∞
∫ ∞
−∞
dωdω′
×
∑
q,p
Jk−k′(ω)Jk−k′′(ω′) nk
′(1− nk′′)
(tk′ − tk′′ − ω + ω′)2
)
. (46)
Note that the structure of ImΣ
(4)
k (E) is similar to that for
magnetic susceptibility and magnetic moment (37). Aver-
aging over tk = tk′ = tk” = EF = 0 we obtain to leading
accuracy the result (10).
Appendix B. Renormalization in magnetically
ordered phases
Now we investigate the renormalization of the s − f in-
teraction in FM and AFM phases. For simplicity we treat
only the s − f model with N = 2 (a more general case is
discussed in Ref.[2]).
For a ferromagnet the electron spectrum possesses the
spin splitting, Ekσ = tk − σMIS. The second-order cor-
rection to Ief is determined by the corresponding electron
self-energies:
δIef = [Σ
FM
k↓ (E)−ΣFMk↑ (E)]/(2S) (47)
which are defined by∑
mm′
〈〈ckmσ|c†km′σ〉〉E =M/[E − tk − σIS −Σkσ(E)]
As described in Ref.[20], using equation-of-motion method,
we write down the self-energy in terms of the irreducible
Green’s function
Σkσ(E) = I
2
∑
m′q
〈〈S−σq ck−qm−σ + σδSzqck−qmσ|
c†k+pm′−σS
σ
p + σc
†
k+pm′σδS
z
p〉〉irrE (48)
with δA = A−〈A〉. Writing down the equations of motion
for the Green’s function (48) we derive with account of
singular terms
Σk↑(E) = 2I
2S
∑
q
n˜k−q
E − tk−q + ωq
,
Σk↓(E) = 2I
2S
∑
q
1− n˜k−q
E − tk−q − ωq
(49)
The next-leading singular contribution, similarly to (44)
(second term in the brackets), come from static correlators
and are formally reduced to renormalization of occupation
numbers:
n˜k↑ = nk↑ − 1
S
∑
m′q
〈c†k+qm′↓ckm↑S+q 〉 (50)
n˜k↓ = nk↓ +
1
S
∑
m′q
〈c†k−qm′↑ckm↓S−−q〉 (51)
Calculating the corresponding Green’s function yields
〈〈S+q |c†k+qm′↓ckm↑〉〉ω = −
2IS
ω − ωq
nk↑ − nk+q↓
ω + tk↑ − tk+q↓ (52)
Using the spectral representation for the retarded Green’s
function we obtain
〈c†k−qm′↑ckm↓S−q 〉 =
∫ 0
−∞
ωdω
(
−∂nk↓
∂tk↓
)
2IS
ω − ωq δ(ω+tk↑−tk+q↓)
(53)
the coefficient at the δ-function being just the contribution
of the layer tk+q↓− tk↑ = ω = C. Note that the correction
to magnon frequency and magnetization can be obtained
in the same manner via magnon damping (cf. Ref. [17]).
This just gives the singular correction to Σ
(3)
k↓ (E). Note
that this does not survive in the limit of large N . At the
same time, corrections to Σ
(3)
k↑ (C) are absent since C =
tk+q↑ − tk↓ > 0. When averaging over k we have
δ〈Σ(2)k↓ (C)−Σ(2)k↑ (C)〉/δC = −4I2Sρ−2
∑
kk′k′′
δ(tk)δ(tk′)
×
(
1
C − ωk−k′
+
1
C + ωk−k′
)
(54)
δ〈Σ(3)k↓ (C)〉/δC = 8MI3Sρ−2
∑
kk′k′′
δ(tk)δ(tk′)δ(tk′′)
× C
(C − ωk−k′)(C + ωk′−k′′)
(55)
which yields the required cutoffs at the magnon frequency
in (12).
The correction to the magnon frequency is the same
as in the one-loop consideration [2]
δωq/ωq = 2(1− α˜q)δS/S (56)
α˜q =
∑
R
JR
∣∣〈eikR〉2tk=EF ∣∣2 [1−cosqR]/∑
R
JR[1−cosqR]
(57)
For an antiferromagnetic structure with the wavevec-
tor Q the electron spectrum contains the AFM gap IS,
Ek =
1
2
(tk + tk+Q)± [ 1
4
(tk − tk+Q)2 + I2S2]1/2 (58)
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The renormalization of I is obtained from the second-
order correction to the anomalous Green’s function in the
local coordinate system (cf. Ref. [22]),
∑
mm′
〈〈ckm↑|c†k+Qm′↓〉〉E = −M
IS −ΣAFMk,k+Q(E)
(E − tk)(E − tk+Q) ,
(59)
so that
δIef = −ΣAFMk,k+Q(E)/S. (60)
The calculation of the off-diagonal self-energy gives (we
consider for simplicity a two-sublattice situation with ωq =
ωq+Q)
ΣAFMk,k+Q(E) =
1
4
I2
∑
mq
〈〈(S+q + S−q )ck−qm↑
+ (S+q − S−q )ck−q−Qm↓
− 2δSzqck−q−Qm↓|
−c†k+p−Qm′↓(S+p+S−p )+c†k+pm′↑(S+p−S−p )−2c†k+pm′↑δSzp〉〉E .
(61)
We derive
ΣAFMk,k+Q(E) = 2I
2S
∑
q
(E − tk−q)n˜k−q
(E − tk−q)2 − ω2q
(62)
n˜k = nk − 1
2S
∑
m′q
〈c†k+qm′↑ckm↑(S+q − S−q )
− c†km′↑ck+q−Qm↓(S+q + S−q )〉 (63)
The Green’s function needed is calculated as
−
∑
m′q
〈〈S+q + S−q |c†k+q−Qm′↓ckm↑〉〉ω
=
∑
m′q
〈〈S+q − S−q |c†k+qm′↑ckm↑〉〉ω
= 2MIS
∑
q
ω
ω2 − ω2q
nk − nk+q
ω − tk+q + tk (64)
so that we obtain
δ〈Σ(2)k,k+Q(C)〉/δC = 2I2S
∑
kk′k′′
δ(tk)δ(tk′)
C
C2 − ω2
k−k′
(65)
δ〈Σ(3)k,k+Q(C)〉/δC = −2MI3SSρ−2
×
∑
kk′k′′
δ(tk)δ(tk′)δ(tk′′)
C3
(C2 − ω2
k−k′
)(C2 − ω2
k′−k′′
)
(66)
in agreement with (10).
For the staggered AFM ordering in a cubic lattice with
the dimensionality d one has [14]
δω/ω = (1− α′)δS/S, (67)
α′ ≃ 2(d− 1)J2
J1
∣∣〈exp(ikR2)〉tk=0∣∣2 (68)
where J1 and J2 are the exchange integrals between near-
est and next-nearest neighbors (|J1| ≫ |J2|), R2 runs over
the next-nearest neighbors.
Appendix C. Scaling functions
For the paramagnetic phase we have
ηPM (
ω
C
) = Re
∫ ∞
−∞
dω〈Jk−k′(ω)〉tk=tk′=EF
1
1− (ω + i0)/C
(69)
In the spin-diffusion approximation (38) we obtain
ηPM (
ω
C
) =
〈
1
1 +D(k− k′)2/C2
〉
tk=tk′=0
(70)
where ω = 4Dk2F , the averages go over the Fermi surface.
Integration yields
ηPM (x) =
{
arctanx/x d = 3
{ 12 [1 + (1 + x2)1/2]/(1 + x2)}1/2 d = 2
In the FM and AFM phases for simple magnetic structures
we have
η (ωef/|C|, δ) = Re
〈(
1− (ωk−k′ + iδ)2/C2
)−1〉
tk=tk′=0
(71)
where δ is a cutoff owing to damping. (Note that in the
FM case with N > 2 this expression should be generalized
since spin-up and spin-down contributions are asymmetric
[2].) For an isotropic 3D ferromagnet integration in (71)
for quadratic spin-wave spectrum ωq ∝ q2 yields
ηFM (x) =
{
1
4x ln{[(1 + x)2 + δ2]/[(1− x)2 + δ2]} d = 3
1
2 Re[(1− iδ − x)−1/2 + (1 + iδ + x)−1/2] d = 2
(72)
where x = ωef/|C|, ω = ω2kF .
For an antiferromagnet integration with the linear spin-
wave spectrum ωq ∝ q gives
ηAFM (x, z) =
{−(2x2)−1 ln[(1− x2)2 + 4δ2] d = 3
Im[x2 − (1 + iδ)2]−1/2 d = 2
(73)
Thus Ψ becomes bounded from above:
Ψmax = ηmax ≃ η(1) ≃

1
2 ln δ 3D FM
ln δ 3D AFM
1
23/2
δ−1/2 2D FM
1
2δ
−1/2 2D AFM
(74)
One can see that the scaling functions for the ordered
phases contain Van Hove singularities at x = 1. Presence
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of such singularities is a general property which does not
depend on the spectrum model. The function ηAFM (x)
(d = 3) changes its sign at x =
√
2. For d = 2, ηAFM (x)
vanishes discontinuously at x > 1, but a smooth contribu-
tion occurs for more realistic models of magnon spectrum.
A more detailed analysis of the scaling function singu-
larities is presented in Ref.[14].
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